
A note on the ensemble-averaged eigenvalue spectrum of large symmetric matrices

This article has been downloaded from IOPscience. Please scroll down to see the full text article.

1977 J. Phys. A: Math. Gen. 10 L183

(http://iopscience.iop.org/0305-4470/10/11/002)

Download details:

IP Address: 129.252.86.83

The article was downloaded on 30/05/2010 at 13:45

Please note that terms and conditions apply.

View the table of contents for this issue, or go to the journal homepage for more

Home Search Collections Journals About Contact us My IOPscience

http://iopscience.iop.org/page/terms
http://iopscience.iop.org/0305-4470/10/11
http://iopscience.iop.org/0305-4470
http://iopscience.iop.org/
http://iopscience.iop.org/search
http://iopscience.iop.org/collections
http://iopscience.iop.org/journals
http://iopscience.iop.org/page/aboutioppublishing
http://iopscience.iop.org/contact
http://iopscience.iop.org/myiopscience


J. Phys. A: Math. Gen., Vol. 10, No. 11, 1977. Printed in Great Britain. @ 1977 
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Received 11 August 1977 

A h d  We obtained an expression for ensemble-averaged eigenvalue spectrum for 
large symmetric matrices, where each matrix element is described by a Gaussian 
probability density function with same mean (non-zero) and variance. The eigenvalue 
density function is a sum of two semicircle distributions. 

It is well known (Wigner 1955), that the Gaussian orthogonal ensemble of matrices 
gives rise to a semicircle distribution for eigenvalues. Each matrix element, in such 
ensembles is distributed according to a Gaussian probability density function with 
zero mean. Recently Edwards and Jones (1976) have considered ensembles with the 
same non-zero mean m for each matrix element. The eigenvalue density function 
they obtain depends very critically on the mean value of the matrix elements. It is 
identical to the semicircle distribution for Im( < A ,  where A is the critical value which 
depends upon the width of the semicircle distribution. For Iml > A ,  the distribution 
they obtain is the sum of two distributions, one being a semicircle and the other a delta 
function outside the semicircle. They relate the sudden change of the eigenvalue 
density function when Iml crosses the value A to a phase transition. The derivation 
given by Edwards and Jones involves some approximations and tricks. The sudden 
change of the eigenvalue density function seems to be surprising from the point of 
view of the ensemble-averaged moments of the random matrices. In this letter using 
standard methods, we have obtained a general expression for ensemble-averaged 
moments of random symmetric matrices with the same non-zero mean for the matrix 
elements, and thereby the expression for the eigenvalue density function. It will be 
seen, looking ahead, that the eigenvalue density function changes smoothly as a 
function of m and satisfies the obvious elementary checks. 

Consider a large N x N symmetric random matrix R, each of whose matrix ele- 
ments fluctuate about a fixed mean m with a probability density function 

The matrix R can be written as R =  m u + & ;  where all the matrix elements of U are 
unity, and & is a random matrix with zero mean for its matrix elements. Therefore, 
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(3 is a binomial coefficient equal to p!/(p-q)!q!. Since U" =N"-'U for n 3 1, we 
have 

Therefore 

Tr(R5) p-l mp-9N,-q-1Tr(uR40) 
N '  

(ff) = (Trff )/N = mPNP-' +-+? ( z )  
N = I  

We know that 
N 

Tr(UR4,) = c ( R & .  
iJ = 1 

(4) 

( 5 )  

Since we are interested in ensemble-averaged moments (indicated by a bar) 
-- 
( W i j  = (R4O)ijSij for all q. (6)  

This follows very simply from the arguments of Mon and French (1975). Hence, 

where M l  is the ensemble-averaged qth moment of Ro, which corresponds to the qth 
moment of the semicircle distribution of Wigner (1955). By slight re-arrangement of 
the terms in equation (7), we obtain 

The eigenvalue density function which is generated by the above moments (M,) can 
be written down trivially as 

where po(x) is a semicircle distribution giving rise to moments M t  = kpo(x)xq dx with 
M: = 1. This is a smoothly varying function of m and for m = 0, p(x) = po(x). For any 
value of m, the mean of p(x) = m which is equal to (R). Also for cr + 0, each matrix 
element of R tends to the value m, then 

N-1 1 
N p (XI + 7 6  (x ) + - S (x - mN); 

which is a standard result. 
Thus, the result given in equation (9) indicates that there is no sudden change of 

eigenvalue density function with respect to m. It also shows that the state that moves 
out is not located at a particular energy under ensemble averaging but the probability 
of it being found at a certain energy is given by a semicircle distribution, the width of 
which is the same as the po(x). We anticipate a similar result (as in equation (9)) for 
the two-body random ensembles of French and Wong (1970), where the semicircle 
would be replaced by a Gaussian for a large number of particles. The results of this 
work will be reported in the near future. 
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